Courting Permutationsby their Rigid Patterns

A. N. Myers
anmyers@math.uenn.edu
University of Pennsyhania

Philadelphia, PA 19104-6395

Septenber 20, 2002



Abstract

In how many permutations doesthe pattern  occur exactly m times? In most
cases,the answer is unknown. When we seard for rigid patterns, on the other hand,
we obtain exact formulas for the solution, in all casesconsidered.
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1 Intro duction

The results of this paper generalizea fun, easycourting problem suggestedoy Herb Wilf.
We begin by introducing and solving this problem. Given a permutation of the set [n] =
f1,2;:::;ng, an n-permutation, we considersequence®f consecutie integerswhich appear
in consecutie positions. A maximal sud sequencas called a black. For example, the 8-
permutation 12678345cortains three blocks: 12, 678, and 345. Of the six 3-permutations,
oneconains oneblock (123), two cortain two blocks (312 and 231), and three cortain three
blocks (132,213,and 321). Figure 1 shavs the 4-permutations grouped by number of blocks.

m=1: [1234]

m=2: [234|1] [4]123] [34]12]

m=3: [12[4|3] [3][12][4] [4]3]12] [23]1]4]

[4]23[1] [1]4]23] [34]2[1] [1[34]2] [2][1]34]

m=4: [1[3]2]4] [2][1][4[3] [3[1][4[2] [4]1[3[2] [2]4[1]3]

3[2]1]4] [4l2]1]3] [1]4[3[2] [2]4]3[1] [3[2]4[1] [4[3]2[1]

Figure 1. 4-permutations with m blacks.

Wilf posedthe following question.

How many n-permutations contain exactly m blocks?

To solwethis problem,we court, for ead choiceof m blocks, the number of n-permutations
which cortain exactly thoseblocks. To choosem blocks, we list the integersfrom 1 to n, and
insertm 1 \dividers" into the n 1 spacesetweenintegers. For example,the insertion of
dividers, 12|345|678, yields blocks 12,345,and 678. Eadch choiceof m 1 spacedo place
dividers from the setof n 1 possiblespacesgivesa distinct choice of blocks. Thus there
are ; 11 ways to choosethe blocks.

Next we court the number of n-permutations which cortain a given choice of m blocks.
Supposen = 8, m = 3,andwearegivenblocks ; = 12, , = 345,and 3 = 678. Thereare3!
ways to arrangethree blocks, but not every arrangemen yields a permutation with exactly
the given blocks. For example,the arrangemen , 3 ; givesthe permutation 34567812.
This permutation cortains two blocks, 12 and 345678.

Let F(m) denote the number of arrangemems of m blocks which give n-permutations
with exactly those blocks. Then F(m) is the number of m-permutations with no two con-
secutie increasingintegersin consecutie positions. For example, F(3) = 3 courts the
3-permutations 312, 213, and 321. We seethat F(m) is the number of m-permutations
cortaining m blocks.



The answer to Wilf 's questionis given by ; 11 F(m). We must determineF (m). To do

this, we obsene ewvery n-permutation cortains m blocks for somechoice of m. Thus
|
X n 1
n! = F(m):
m 1 F(m

m

At this point we needthe rst of two versionsof the binomial inversion formula quoted
belowv. We include the secondversion of the formula for future reference.
| |

_X n. — V1D _X nkn. — )19 -
a, = Do (M=E0LZ) () b= (1) a (N=0L2:) ()

k K k
and
X n! X Nk n!
a = K by (k=01,2::) () b= (1) o (k=01,2::): (2

The binomial inversionformula (??) tells us

X k+1
- | m k 1 .
F(m)=(m 1) k (1 m kD
The number of n-permutations which cortain m blocks is therefore given by
|
1 X (k+ 1)
| m k 1 .
p (moDY T e 3)
We remark that the sequencd- (2); F (3);F (4);::: hasbeenwell studied. It is sequence
A000255in Sloane'sOn-Line Encyclopedia of Integer Sequence§?], and its exponertial gen-
erating function ise =1  x)? (seeKreweras[?]).

So far, we have courted n-permutations with blocks that look like i(i + 1)(i + 2)
We now attempt to enumerate n-permutations with blocks having a more generalform, for
example,i(i  1)(i+ 1) ori(i 1)(i+ 2). Todo so,we rst generalizethe notion of block.

We now de ne a black to be any sequenceof valuesin a permutation which appear in
consecutie positions. The number of valuesis the length of the block. We say a block

= 1 p::. xhastype = ;1 ,:::  when ; = ;+ cfor all i, wherec is someinteger
constart. In this case,we say isa -block For example,when = 213, -blocks include
213,324,435, . When = 214, -blocksinclude 214,325,436,

With this new notion of block, the question of interest becomeghe following.

How many n-permutations contain exactly m blacks with type ?

This questionis closelyrelated to a big open problem in the theory of patterns of per-
mutations. A pattern = ; ,:::  oflengthk isa xed k-permutation. Wesay occurs in
an n-permutation = ; ,::: , whenthere existintegersl i;<i,<:::<ix nsudh



that ;< ;, ifandonlyif ¢< (foralll s<+t k. Forexample,the pattern = 213
occursexactly v etimesin the permutation = 32415asillustrated below.

32415 32415 32415 32415 32415

Figure 2. Five occurrences of the pattern = 213in the permutation = 32415

A permutation avoidsa pattern if doesnot occurin
Recen resultsin pattern researt establishpartial answersto the following question.

‘ In how many permutations doesthe pattern  occur exactlym times? ‘

When haslength 3, and we look for permutations with m = 0 occurrencef the pattern
(i.e., patterns which avoid ), we can completely answer this question. Surprisingly, the
answer does not depend on the particular pattern chosen. Sdmidt and Simion [?] have
shown that all patterns of length 3 are avoided by the samenumber of permutations, and
this number is a Catalan number.

To obtain results for longer patterns when m = 0, we de ne an equivalencerelation on
patterns of length k by requiring that the numbers of permutations which avoid equivalert
patterns be equal. In this sense,all patterns with length 3 are equivalert. Stankova [?]
has shavn there are three equivalenceclassedor patterns with length 4. In addition to the
results involving equivalenceclasses,Bona [?] found the exact number of n-permutations
avoiding 1342and gave an ordinary generatingfunction for them.

When m > 0 we also have a few results. Noonan and Zeilberger [?] found the number
of permutations with exactly m = 1 occurrenceof the pattern 132. Robertson, Wilf, and
Zeilberger[?] found the number of n-permutations having exactly p occurrencesof 123and
g occurrencesof 132in the form of a Maple program which returns the desiredgenerating
function.

Another interesting openproblem concernsasymptoticsfor the number of n-permutations
which avoid a givenpattern . Let f (n; ) denotethe number of n-permutations which avoid

. Stanley and Wilf have conjecturedthat the limit

: . 1=
i £ )

exists,is nite, and is nonzero.In all known casesthis limit is an integer.

Further results concernthe maximum number of occurrencesof in an n-permutation,
and the permutations which adieve these maximums. For work on problems of this type,
see[?], [?], and [?]. For a surwey of results on patterns, see[?].

Counting occurrencef patterns in permutations is hard becausepatterns are so exible.
We have very few results for patterns of length greaterthan 4, and nonzerovaluesof m. If
we make the patterns more\rigid,” then they are easierto court. In particular, we de ne a
rigid pattern to beasequence = ; ,::: i of k distinct positive integers,i.e., a block, and
we s occurs in an n-permutation  when cortains a block with type . Note that all
patterns are rigid patterns, but not all rigid patterns are patterns.
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To illustrate the di erence between patterns and rigid patterns, we note the pattern

= 213 occursexactly v e timesin the permutation = 32415,as demonstratedabove.

The rigid pattern = 213, on the other hand, occurs exactly onceas the subsequenc&24.

Listed below are all 5-permutations in which the rigid pattern = 213 occurs exactly one
time.

21345, (213|54;, 4|213|5 5|213|4;, 45|213 54|213
324|15; 324|511, 1|324|5 5|324|1, 15|324 51324
43512, |[435|21, 14352, 2|435]1;, 122|435 21|435

Figure 2. The rigid pattern = 213 occurs exactlyonce in eighteen distinct 5-permutations.

In this paper, we considerthe questionanalogousto that above for the more manageable
rigid patterns.

In how many n-permutations doesthe rigid pattern occur exactlym times?

When we begin to investigate this question we notice an important di erence between,
for example, the rigid patterns 213 and 214. We obsene that a permutation may cortain
overlapping blocks of type 214, but no permutation cortains overlapping blocks of type 213.
The 6-permutation 214365,for example,contains 214-blacks 214 and 436, which sharethe
4.

To accourt for this distinction, we say arigid pattern is nonextendibleif no permutation
contains two overlapping blocks both with type . Otherwise is extendible

When is a nonextendible rigid pattern satisfying certain conditions, we obtain the
answver to our questionfrom Theorem??. When the block is extendible, we can compute at
least a lower bound, if not the answer itself, using Proposition ??.

2 Nonextendible Blo cks

In the previoussection,we courted n-permutations with exactly m blocks by rst selecting
m blocks, then courting n-permutations with exactly thoseblocks. As a nal step, we used
binomial inversionto obtain a formula. To court n-permutations with exactly m occurrences
of a given nonextendiblerigid pattern , we follow a similar procedure.

We beginwith the casewhere isak-permutation. We againchoose -blocks by inserting
dividers, but now we do somorecarefully. Not just any insertion of dividers will do. Consider
the case = 213. Here any three consecutie integersdeterminea -block. For example,
the integers3,4,5determinethe -block 435. Thus a choice of m -blocks correspndsto a
choice of m disjoint setsof three consecutie integersead.

In how many ways can we choosem disjoint setsof three consecutie integersead from
the set [n]? To answer this, we consideran equivalert question. In how many ways can we
choosem sets of three consecutie integersead together with n  3m setsof one integer
eah from [n] sothat all setsare disjoint? Let n = 10and m = 2. The insertion of dividers
123|456|7|8|9|10 demonstratesonesud choice. We assaiate this particular insertion
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of dividers with the composition 3+ 3+ 1+ 1+ 1+ 1 of 10 with m parts size3andn 3m
parts sizel.

In this way we assaiate with eat choiceof m -blocks a composition of n with m parts
size3 and n 3m parts size1l. Conversely for eath composition of n with m parts size
3andn 3m parts sizel, we have a choice of m -blocks with which the composition is
asseiated. The number of distinct choicesfor m -blocks is therefore given by the number
of distinct compositions of n with m parts size 3 and n  3m parts sizel. There are

W =m0 3M sud compositions. This obsenation generalizesaturally to the
ollowing.

Prop osition 1 Let be a nonextendiblek-permutation. The numkber of waysto chasem
disjoint -blocks from the set[n] is given by m+(n km)

m

Not all nonextendiblerigid patterns are k-permutations. The rigid pattern = 1254, for
example,is nonextendible. To court the ways to choosem disjoint -blocks for more general
nonextendible , we considerthe span of

The span of arigid pattern = ; ,::: ¢ is the block of consecutie increasingintegers
from minf ;g to maxf ;jg. The span of 2154is the block 12345. When disjoint -blocks
necessarilyhave disjoint spans,we can choose -blocks by choosingtheir spans. Note that
if is a permutation, then disjoint -blocks have disjoint spans.

Lemma 1 Let be a nonextendiblerigid pattern with the property that disjoint -blocks
havedisjoint spans. Supmsethe span of haslengthl. The numker of waysto chaosem
disjoint -blocks from the set [n] is givenby ™*(" ™)

Pro of: We choosem disjoint -blocks from [n] by choosingtheir disjoint spans. The number
of ways to do this is given by the number of ways to choosem setsof | consecutie integers
eat together with n  Im sets of one integer ead from [n]. With ead sud choice we
asseiate a composition of n with m parts sizel and n Im parts sizel. The number of
distinct choicesfor m -blocks is therefore given by the number of distinct compositions of
n with m parts sizel andn Im parts sizel. Thereare ™" '™ suh compositions.

The following theoremusesthis lemmato enumerate n-permutations cortaining exactly
m occurrencesof a given nonextendiblerigid pattern.

Theorem 1 Let beanonextendiblerigid pattern of lengthk with the property that disjoint
-blacks have disjoint spans. Supmsethe span of haslength|. Then the numter of n-
permutations in which occurs exactlym times is given by

! !
yn e m% mP+ (n Im9

o o [Mm°+ (n km9]! (4)

X
(1
mo
Pro of: We useLemma ?? to court the number of ways to choosem disjoint -blocks from

[n]. For eat sudh choicewe list the [m+ (n  km)]! arrangemeirts of the m -blocks together
with the n  km blocks with length 1 not cortained by any -block.

7



For example,suppose = 1254,n = 12,m = 2, and we are given -blocks ; = 1254and
» = 67(10)9. The blocks of length 1 not cortained by either of these -blocks include 3 =
3, 4=8; 5= (11); and ¢ = (12). Wellist all 6! permutations of the blocks 1; »2; 3; 4; s5;
and .

In the end we obtain alist of ™" '™ [m+ (n  km)]! arrangemets in total. This list
includesall n-permutations with at leastm -blocks.

Considerthe casewhere = 1254,n = 12, and m = 1. We list the n-permutation
125467(10)938(11)(12)with -blocks 1254 and 67(10)9, once when we arrange the blocks
1=1254, , =3, 3=6;, 4=7, 5=8, =9, 7= (10); g= (11); and ¢ = (12), and once
when ;= 67(10)9, ,=1; 3= 2, 4=3, 5=4; 6= 5 7=8; g= (11); and o= (12).

Let F"(m) denote the number of n-permutations in which  occurs exactly m times.
Then F"(m) equals ™" '™ [m+ (n  km)]! take away the number of arrangemets in the
list in which occursm®> m times. There are F"(m9 n-permutations in which  occurs

exactly m°times, eah of which appears ’:f times in the list above. Thus
| |
! x d
Framy= T (?n ™) m+(n km)] rr'; F7(m9):

mo&m

Now we apply a secondform of the binomial inversionformula (??) to obtain

! !
yn me m? m°+ (n Im9

X
Frimy=" ( 1 - o

mo

[Mm°+ (n km9]!:

Note that application of this theorem dependson our ability to decidewhether or not a
given rigid pattern is extendible, and whether or not disjoint -blocks have disjoint spans.
This is not di cult to do by inspection.

For example, suppose = 1254. We rst try to extend beginning with the 4. The

-block starting with 4 is 4587. When we join the two -blocks by overlapping the 4's,
we obtain 1254587.Sincethe 5 appearstwice in this arrangemen, we realize cannot be
extendedstarting with the 4. Clearly it cannot be extendedbeginning with the 2 or the
5 either, and we easily conclude is nonextendible. It is similarly easyto determine that
disjoint -blocks have disjoint spans.

For an exampleof a rigid pattern  with the property that disjoint -blocks do not have
disjoint spans,consider = 152.In this case,152and 376, for example,are disjoint -blocks.
Their spans,12345and 34567,0n the other hand, are not disjoint.

When is an actual pattern, i.e., a k-permutation, we obsene (as we would hope) that
disjoint -blocks always have disjoint spans.

3 Extendible Blo cks

If is a nonextendible block, then no permutation cortains overlapping blocks with type
, and it easyto court -blocks in a given permutation. How do we court blocks when
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is extendible? Do the overlapping blocks 214 and 436in the permutation 214365court as
two distinct -blocks, or should we court 21436as one \extended" -block? Becausewe
want to generalizethe results of the introduction, we choosethe latter method of courting
occurrencesof extendiblerigid patterns.

Considerthe 8-permutation = 12678345.With the original de nition of a block asa
maximal sequencef consecutie increasingintegers,this permutation cortains three blocks,
12, 345,and 678. To include this special casein the more generalcorntext in which we now
nd oursehes,we say conains three blocks with (extendible) type = 12. The block 345
cortains overlapping -blocks 34 and 45, and the block 678 cortains overlapping -blocks 67
and 78. Thusto include the motivating problemin the current framework, we court eat of
the blocks 345and 678 asoneextende -block, rather than two.

When is anextendiblerigid pattern, we court a maximal sequencef overlappingblocks
with type asone (extended) -block. What do we do when -blocks overlap in di erent
ways? Considerthe extendiblerigid pattern = 2154.The -blocks = 4376and °= 5487
both overlap the block . The blocks and have oneintegerin common,while °and
have two integersin common. In fact, any pair of distinct -blocks have at most two integers
in common. In this case,we sa& the block 215487,cortaining both and © is a proper

-block, and hasoverlap length equalto two.

In this sectionwe erumerate n-permutations in which a given extendible rigid pattern
occurs exactly m times. We say an extendiblerigid pattern occurs exactly m times in a
give n-permutation  when cortains exactly m proper blocks of type . To do this, we
must know the possiblelengths of -blocks and their spans. When = 2154, for example,
blocks of type include2154,215487215487(11)(10), . In this case, -blocks have lengths
4,6, 8, and soon.

Lemma 2 Supmse = 1 ,::: g is an extendiblerigid pattern with span lengthl. Let p
denotethe overlaplengthof , andsetq=  pn 1. A proper -black in [n] haslength
k+r(k p)andits span haslengthl + rg, whee O r b”T'c.

Pro of: Let beaproper -blockin [n] with maximallength. The length of isk+r(k p),
wherer is the greatestnonnegatiwe integer for which the spanof haslength at most n.
The spanof haslength|+ rg. Thusl+ rqg n, which meansO r b”T'c.

When = 2154,for example,we have |l = 5, p= 2, and q= 3. In this case,the lemma

tells us -blocks have lengths 4+ 2r, whereO r b”—35c. In particular, whenn = 12,

-blocks in [12] have lengths 4, 6 and 8. Examplesof sud -blocks include 2154,215487,
and 2154(11)(10).

When is a nonextendiblerigid pattern, ead choiceof m -blocks in [n] is assa@iated
with a composition of n with m parts sizel andn ml parts sizel. When is an extendible
rigid pattern, on the other hand, the compositions asseiated with the various choicesof
m -blocks have parts of se\eral sizes. As in the previous section, we consideronly those

-blocks for which any two disjoint -blocks have disjoint spans,and we choose disjoint
-blocks by choosingtheir disjoint spans.

Lemma ?? tells us that blocks in [12] with type = 2154have spanswith lengths5, 8,

and 11. To choosem disjoint spansin [12], we choosem disjoint setsof consecutie integers
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in [12], where ead set consistsof either 5, 8, or 11 integers. We assiate ead choice of

1. Therearen si parts sizel. Let C"(m) denotethe set of all sud compositions.
For example,letn = 12and = 2154.Then C"(m) consistsof compositionswith exactly
m parts in the setf5; 8; 11g, and remaining parts 1. We list compositionsin C"(m) below.

m = 0: 1+1+1+1+1+1+1+1+1+1

m = 2: 5+5+1+1, 5+1+5+1, 5+1+1+5, 1+5+1+45, 1+1+5+5
8+1+1+1+1, 1+8+1+1+1, 1+1+8+1+1, 1+1+1+8+1, 1+1+1+1+8
1+11, 11+1

Figure 3. Compositions in C2,(m) for m = 0; 2.

We seethat the number of ways to choosem -blocks in [n] is given by the cardinality
of the set C"(m). To determine this, we choose m (not necessarilydistinct) span sizes
S1;S2;:::;Sym from the setfl+rq: 0 r b”fcg of possible span sizes(seeLemma

ti;ty;:::; ts denote the multiplicities of the s distinct span sizes(]go ti = m). Then the
number of orderedcompositions with parts s;;s;;:::;Sm, and n s; parts 1 is given by

Each in C"(m) is assaiated with a choice of m disjoint -blocks in [n]. Let s,( )
denotethe number of integersin [n] not cortained by any of these -blocks. For example,
consider = 5+ 5+ 1+ 1in C}%,(2). The composition is ass@iated with the 2154-blaks
2154and 76(10)9. In this case,s,( ) = 4 courts the integers3, 8, 11,and 12in [12].

We are now ready to court n-permutations with exactly m occurrencesof an extendible
rigid pattern.

Prop osition 2 Supmse is an extendiblerigid pattern with the propertly that disjoint -
blackshavedisjoint spans. Let F"(m) denotethe numkber of n-permutationsin which occurs

exactlym times. Then
|

0.
= mes(n T E(m) ©

2Cn(m) mO%m

Pro of: Above we shaved that ead choice of m disjoint -blocks in [n] is ass@iated with a
composition in C"(m). For ead choiceof -blocks we list the [m + s,( )]! arrangemers
of the m -blocks together with the s,( ) integersnot contained by any -block. We obtain
a list of
[m+ s ()]!
2C"(m)

arrangemets in total. This list includesall n-permutations with at leastm -blocks.
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Now F"(m) equalsthe number of permutations in the list above minus the number of
arrangemets in the list which cortain m°> m -blocks. There are F"(m9 n-permutations
which cortain exactly m® -blocks, ead of which appears ”;10 times in the list above. Thus
equation (??) holds.

For example,when = 214andn = 8, F"(2) = 24 courts the 4! 8-permutations of the
blocks ;= 214, , =658, 3= 3,and 4= 7. Thusformula (??) for m = 1 becomes

F'(1) = X [1+s( )] 24
2Cn (1)

The set C"(1) cortains ordered compostions ; = 8, , =6+ 1+1, 3= 1+ 6+ 1,

4= 1+1+6, 5=4+1+1+1+1, g=1+4+1+1+1, ;=1+1+4+ 1+ 1,
g=1+1+1+4+1,and g=1+1+1+1+ 4. Nows( 1)=1,s( ) =s(3) =3, and
s(s5)=5s(6)=5(7)=5s(3g)=5s(g) =5 ThusF"(1)= ([1+ 1]+ 2[1+ 4]+ 5[1+5]!) 24=
3;626. Finally F"(0) = 8! (3626+ 24)= 40; 320.

4 Conclusions

When we seart for rigid patterns, we restrict the exibilit y of (ordinary) patterns in two
ways: 1) we requirethat valuesoccurin consecutie positions,and 2) we insist that valuesin
a -block dier by exactly the di erence betweencorrespnding valuesin the rigid pattern,
i.e., P = j. To bound the number of n-permutations in which an actual pattern
occurs exactly m times, we would ideally eliminate theserestrictions. With our approad,
we're studk with the rst restriction, but we can at least reducethe second.

For example, considererumerating n-permutations with exactly m occurrencesof the
pattern 213in consecutie positions. To do this, we court n-permutations with exactly m
occurrencesf the rigid patterns 213,214,215, ::, 314,315,:::, 324,325,and soon. When
the rigid pattern is nonextendible,and satis es the span condition, we have the court from
Theorem ??. When the rigid pattern is extendible, we can compute at least a lower bound
using Proposition ??.

5 Open Problems

The alternating sumsand binomial coe cien ts in (??) and (?7?) suggesta seard for asymp-
totics.

For m a xed constant or function of n, can we nd asymptoticsfor (??) and
(??) asn! 1 ? What is the probability that a rigid pattern  occurs exactly m
times in an n-permutation?

Recallthat when is an extendible rigid pattern, we court only those permutations in
which every pair of overlapping -blocks overlap properly.

11



Can we extendthe enumeation to include caseswhen blacks with a given rigid
pattern do not overlap properly?

Given the connectionwith the theory of patterns, we would like to court overlapping
blocks of extendible type individually.

If we count every black with a given type individually, regardlessof overlapping,
can we enumeate n-permutations which contain exactlym blackswith this type?

Finally, we would like to eliminate from our results the condition that disjoint blocks
with the sametype have disjoint spans.

Can we nd resultsfor a rigid pattern  with the property that disjoint -blocks
havenondisjoint spans?
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7 Figures

| include all gures again hereat the end asrequestedin the instructions for submission.

m=1:[1234]

m=2: [234|1] [4]123] [34]12]

m=3: [12[4|3] [3]12]4] [4]3]12] [23]1]4]

14]23[1] [1]4]23] [34]2]1] [1]34]|2] [2]1]34]

m=4: [1[3]2]4] [2]1][4]3] [3[1][4[2] [4]1[3[2] [2]4[1]3]

3[2]1]4] [4l2]1]3] [1]4[3[2] [2]4]3[1] [3[2]4[1] [4[3]2[1]

Figure 1. 4-permutations with m blacks.

m = 0: 1+1+1+1+1+1+1+1+1+1

m = 2: 5+5+1+1, 5+1+5+1, 5+1+1+5, 1+5+1+45, 1+1+5+5
8+1+1+1+1, 1+8+1+1+1, 1+1+8+1+1, 1+1+1+8+1, 1+1+1+1+8
1+11, 11+1

12



Figure 2. Ordered compositions in C3%,(m) for m = 0; 2.

32415 32415 32415 32415 32415
Figure 3. Five occurrences of the pattern = 213in the permutation = 32415

213|45; (213|54;, 4|213]5, 5/213|4;, 45(213 54213
324|/15; |324|51; 1|324|5 5|324|1;, 15324} 511|324
435|122, |435]21;, 1|435|2; 2|/435|1;, 12|435 21|435

Figure 4. The rigid pattern = 213 occurs exactlyonce in eighteen distinct 5-permutations.
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