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Abstract

In how many permutations does the pattern � occur exactly m times? In most
cases,the answer is unknown. When we search for rigid patterns, on the other hand,
we obtain exact formulas for the solution, in all casesconsidered.
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1 In tro duction

The results of this paper generalizea fun, easycounting problem suggestedby Herb Wilf.
We begin by introducing and solving this problem. Given a permutation of the set [n] =
f 1; 2; : : : ; ng, an n-permutation, we considersequencesof consecutive integerswhich appear
in consecutive positions. A maximal such sequenceis called a block. For example, the 8-
permutation 12678345contains three blocks: 12, 678, and 345. Of the six 3-permutations,
onecontains oneblock (123), two contain two blocks (312 and 231), and three contain three
blocks (132,213,and 321). Figure 1 shows the 4-permutations groupedby number of blocks.

m = 1 : 1 2 3 4

m = 2 : 2 3 4 1 4 1 2 3 3 4 1 2

m = 3 : 1 2 4 3 3 1 2 4 4 3 1 2 2 3 1 4

4 2 3 1 1 4 2 3 3 4 2 1 1 3 4 2 2 1 3 4

m = 4 : 1 3 2 4 2 1 4 3 3 1 4 2 4 1 3 2 2 4 1 3

3 2 1 4 4 2 1 3 1 4 3 2 2 4 3 1 3 2 4 1 4 3 2 1

Figure 1. 4-permutations with m blocks.

Wilf posedthe following question.

How many n-permutations contain exactlym blocks?

To solvethis problem,wecount, for each choiceof m blocks, the number of n-permutations
which contain exactly thoseblocks. To choosem blocks, we list the integersfrom 1 to n, and
insert m � 1 \dividers" into the n � 1 spacesbetweenintegers. For example,the insertion of
dividers, 12|345|678, yields blocks 12, 345,and 678. Each choiceof m � 1 spacesto place
dividers from the set of n � 1 possiblespacesgivesa distinct choice of blocks. Thus there
are

�
n� 1
m� 1

�
ways to choosethe blocks.

Next we count the number of n-permutations which contain a given choiceof m blocks.
Supposen = 8, m = 3, andwearegivenblocks � 1 = 12, � 2 = 345,and � 3 = 678. Thereare3!
ways to arrangethree blocks, but not every arrangement yields a permutation with exactly
the given blocks. For example, the arrangement � 2� 3� 1 gives the permutation 34567812.
This permutation contains two blocks, 12 and 345678.

Let F (m) denote the number of arrangements of m blocks which give n-permutations
with exactly those blocks. Then F (m) is the number of m-permutations with no two con-
secutive increasing integers in consecutive positions. For example, F (3) = 3 counts the
3-permutations 312, 213, and 321. We seethat F (m) is the number of m-permutations
containing m blocks.
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The answer to Wilf 's questionis given by
�

n� 1
m� 1

�
F (m). We must determineF (m). To do

this, we observe every n-permutation contains m blocks for somechoiceof m. Thus

n! =
X

m

 
n � 1
m � 1

!

F (m):

At this point we needthe �rst of two versionsof the binomial inversion formula quoted
below. We include the secondversionof the formula for future reference.

an =
X

k

 
n
k

!

bk (n = 0; 1; 2; : : :) ( ) bn =
X

k

(� 1)n� k

 
n
k

!

ak (n = 0; 1; 2; : : :) (1)

and

ak =
X

n

 
n
k

!

bn (k = 0; 1; 2; : : :) ( ) bk =
X

n
(� 1)n� k

 
n
k

!

an (k = 0; 1; 2; : : :): (2)

The binomial inversion formula (??) tells us

F (m) = (m � 1)!
X

k

(� 1)m� k� 1 k + 1
(m � k � 1)!

:

The number of n-permutations which contain m blocks is thereforegiven by
 

n � 1
m � 1

!

(m � 1)!
X

k

(� 1)m� k� 1 (k + 1)
(m � k � 1)!

: (3)

We remark that the sequenceF (2); F (3); F (4); : : : has beenwell studied. It is sequence
A000255in Sloane'sOn-Line Encyclopedia of IntegerSequences[?], and its exponential gen-
erating function is e� x=(1 � x)2 (seeKreweras[?]).

So far, we have counted n-permutations with blocks that look like i (i + 1)(i + 2) � � �.
We now attempt to enumerate n-permutations with blocks having a more generalform, for
example,i (i � 1)(i + 1) or i (i � 1)(i + 2). To do so,we �rst generalizethe notion of block.

We now de�ne a block to be any sequenceof values in a permutation which appear in
consecutive positions. The number of values is the length of the block. We say a block
� = � 1� 2 : : : � k has type � = � 1� 2 : : : � k when � i = � i + c for all i , where c is someinteger
constant. In this case,we say � is a � -block. For example,when � = 213, � -blocks include
213,324,435, � � �. When � = 214, � -blocks include 214,325,436, � � �.

With this new notion of block, the questionof interest becomesthe following.

How many n-permutations contain exactlym blocks with type � ?

This question is closelyrelated to a big open problem in the theory of patterns of per-
mutations. A pattern � = � 1� 2 : : : � k of length k is a �xed k-permutation. We say � occurs in
an n-permutation � = � 1� 2 : : : � n when there exist integers1 � i 1 < i2 < : : : < i k � n such
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that � i s < � i t if and only if � s < � t for all 1 � s < t � k. For example,the pattern � = 213
occursexactly �v e times in the permutation � = 32415as illustrated below.

3 2 4 1 5 3 2 4 1 5 3 2 4 1 5 3 2 4 1 5 3 2 4 1 5

Figure 2. Five occurrencesof the pattern � = 213 in the permutation � = 32415.

A permutation � avoids a pattern � if � doesnot occur in � .
Recent results in pattern research establishpartial answers to the following question.

In how many permutations does the pattern � occur exactlym times?

When � haslength 3, and we look for permutations with m = 0 occurrencesof the pattern
� (i.e., patterns which avoid � ), we can completely answer this question. Surprisingly, the
answer does not depend on the particular pattern chosen. Schmidt and Simion [?] have
shown that all patterns of length 3 are avoided by the samenumber of permutations, and
this number is a Catalan number.

To obtain results for longer patterns when m = 0, we de�ne an equivalencerelation on
patterns of length k by requiring that the numbers of permutations which avoid equivalent
patterns be equal. In this sense,all patterns with length 3 are equivalent. Stankova [?]
hasshown there are three equivalenceclassesfor patterns with length 4. In addition to the
results involving equivalenceclasses,Bona [?] found the exact number of n-permutations
avoiding 1342and gave an ordinary generatingfunction for them.

When m > 0 we also have a few results. Noonan and Zeilberger [?] found the number
of permutations with exactly m = 1 occurrenceof the pattern 132. Robertson, Wilf, and
Zeilberger [?] found the number of n-permutations having exactly p occurrencesof 123and
q occurrencesof 132 in the form of a Maple program which returns the desiredgenerating
function.

Another interestingopenproblemconcernsasymptoticsfor the number of n-permutations
which avoid a givenpattern � . Let f (n; � ) denotethe number of n-permutations which avoid
� . Stanley and Wilf have conjecturedthat the limit

lim
n!1

f (n; � )1=n

exists, is �nite, and is nonzero. In all known cases,this limit is an integer.
Further results concernthe maximum number of occurrencesof � in an n-permutation,

and the permutations which achieve thesemaximums. For work on problemsof this type,
see[?], [?], and [?]. For a survey of results on patterns, see[?].

Counting occurrencesof patterns in permutations is hard becausepatterns areso
exible.
We have very few results for patterns of length greater than 4, and nonzerovaluesof m. If
we make the patterns more \rigid," then they are easierto count. In particular, we de�ne a
rigid pattern to be a sequence� = � 1� 2 : : : � k of k distinct positive integers,i.e., a block, and
we say � occurs in an n-permutation � when � contains a block with type � . Note that all
patterns are rigid patterns, but not all rigid patterns are patterns.
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To illustrate the di�erence between patterns and rigid patterns, we note the pattern
� = 213 occurs exactly �v e times in the permutation � = 32415,as demonstratedabove.
The rigid pattern � = 213, on the other hand, occursexactly onceas the subsequence324.
Listed below are all 5-permutations in which the rigid pattern � = 213 occurs exactly one
time.

2 1 3 4 5; 2 1 3 5 4; 4 2 1 3 5; 5 2 1 3 4; 4 5 2 1 3 ; 5 4 2 1 3
3 2 4 1 5; 3 2 4 5 1; 1 3 2 4 5; 5 3 2 4 1; 1 5 3 2 4 ; 5 1 3 2 4
4 3 5 1 2; 4 3 5 2 1; 1 4 3 5 2; 2 4 3 5 1; 1 2 4 3 5 ; 2 1 4 3 5

Figure 2. The rigid pattern � = 213occurs exactlyonce in eighteen distinct 5-permutations.

In this paper, we considerthe questionanalogousto that above for the moremanageable
rigid patterns.

In how many n-permutations does the rigid pattern � occur exactlym times?

When we begin to investigate this question we notice an important di�erence between,
for example, the rigid patterns 213 and 214. We observe that a permutation may contain
overlapping blocks of type 214,but no permutation contains overlapping blocks of type 213.
The 6-permutation 214365,for example,contains 214-blocks 214 and 436, which sharethe
4.

To account for this distinction, wesay a rigid pattern � is nonextendibleif no permutation
contains two overlapping blocks both with type � . Otherwise � is extendible.

When � is a nonextendible rigid pattern satisfying certain conditions, we obtain the
answer to our questionfrom Theorem??. When the block is extendible,we can computeat
least a lower bound, if not the answer itself, using Proposition ??.

2 Nonextendible Blo cks

In the previoussection,we counted n-permutations with exactly m blocks by �rst selecting
m blocks, then counting n-permutations with exactly thoseblocks. As a �nal step, we used
binomial inversionto obtain a formula. To count n-permutations with exactly m occurrences
of a given nonextendiblerigid pattern � , we follow a similar procedure.

Webeginwith the casewhere� is a k-permutation. Weagainchoose� -blocks by inserting
dividers, but now wedo somorecarefully. Not just any insertion of dividerswill do. Consider
the case� = 213. Here any three consecutive integersdetermine a � -block. For example,
the integers3,4,5determine the � -block 435. Thus a choiceof m � -blocks corresponds to a
choiceof m disjoint setsof three consecutive integerseach.

In how many ways can we choosem disjoint setsof three consecutive integerseach from
the set [n]? To answer this, we consideran equivalent question. In how many ways can we
choosem sets of three consecutive integerseach together with n � 3m sets of one integer
each from [n] so that all setsare disjoint? Let n = 10 and m = 2. The insertion of dividers
123|456|7|8|9|10 demonstratesonesuch choice. Weassociate this particular insertion
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of dividers with the composition 3+ 3+ 1+ 1+ 1+ 1 of 10 with m parts size3 and n � 3m
parts size1.

In this way we associate with each choiceof m � -blocks a composition of n with m parts
size 3 and n � 3m parts size 1. Conversely, for each composition of n with m parts size
3 and n � 3m parts size1, we have a choice of m � -blocks with which the composition is
associated. The number of distinct choicesfor m � -blocks is thereforegiven by the number
of distinct compositions of n with m parts size 3 and n � 3m parts size 1. There are
(m+( n� 3m))!

m!(n� 3m)! =
�

m+( n� 3m)
m

�
such compositions. This observation generalizesnaturally to the

following.

Prop osition 1 Let � be a nonextendiblek-permutation. The number of waysto choosem
disjoint � -blocks from the set [n] is given by

�
m+( n� km)

m

�
.

Not all nonextendiblerigid patterns are k-permutations. The rigid pattern � = 1254,for
example,is nonextendible.To count the ways to choosem disjoint � -blocks for moregeneral
nonextendible� , we considerthe span of � .

The span of a rigid pattern � = � 1� 2 : : : � k is the block of consecutive increasingintegers
from minf � i g to maxf � i g. The span of 2154 is the block 12345. When disjoint � -blocks
necessarilyhave disjoint spans,we can choose� -blocks by choosing their spans. Note that
if � is a permutation, then disjoint � -blocks have disjoint spans.

Lemma 1 Let � be a nonextendiblerigid pattern with the property that disjoint � -blocks
havedisjoint spans. Suppose the span of � has length l. The number of ways to choosem
disjoint � -blocks from the set [n] is given by

�
m+( n� lm)

m

�
.

Pro of: Wechoosem disjoint � -blocks from [n] by choosingtheir disjoint spans.The number
of ways to do this is given by the number of ways to choosem setsof l consecutive integers
each together with n � lm sets of one integer each from [n]. With each such choice we
associate a composition of n with m parts size l and n � lm parts size1. The number of
distinct choicesfor m � -blocks is thereforegiven by the number of distinct compositions of
n with m parts sizel and n � lm parts size1. There are

�
m+( n� lm)

m

�
such compositions. �

The following theoremusesthis lemma to enumerate n-permutations containing exactly
m occurrencesof a given nonextendiblerigid pattern.

Theorem 1 Let � be a nonextendiblerigid pattern of lengthk with the property that disjoint
� -blocks have disjoint spans. Suppose the span of � has length l. Then the number of n-
permutations in which � occurs exactlym times is given by

X

m0

(� 1)m� m0

 
m0

m

! 
m0+ (n � lm0)

m0

!

[m0+ (n � km0)]! (4)

Pro of: We useLemma ?? to count the number of ways to choosem disjoint � -blocks from
[n]. For each such choicewe list the [m+ (n � km)]! arrangements of the m � -blocks together
with the n � km blocks with length 1 not contained by any � -block.
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For example,suppose� = 1254,n = 12, m = 2, and we are given � -blocks � 1 = 1254and
� 2 = 67(10)9. The blocks of length 1 not contained by either of these� -blocks include � 3 =
3; � 4 = 8; � 5 = (11); and � 6 = (12). We list all 6! permutations of the blocks � 1; � 2; � 3; � 4; � 5;
and � 6.

In the end we obtain a list of
�

m+( n� lm)
m

�
[m + (n � km)]! arrangements in total. This list

includesall n-permutations with at least m � -blocks.
Consider the casewhere � = 1254, n = 12, and m = 1. We list the n-permutation

125467(10)938(11)(12),with � -blocks 1254and 67(10)9, oncewhen we arrange the blocks
� 1 = 1254,� 2 = 3; � 3 = 6; � 4 = 7; � 5 = 8; � 6 = 9; � 7 = (10); � 8 = (11); and � 9 = (12), and once
when � 1 = 67(10)9,� 2 = 1; � 3 = 2; � 4 = 3; � 5 = 4; � 6 = 5; � 7 = 8; � 8 = (11); and � 9 = (12).

Let F n
� (m) denote the number of n-permutations in which � occurs exactly m times.

Then F n
� (m) equals

�
m+( n� lm)

m

�
[m + (n � km)]! take away the number of arrangements in the

list in which � occurs m0 > m times. There are F n
� (m0) n-permutations in which � occurs

exactly m0 times, each of which appears
�

m0

m

�
times in the list above. Thus

F n
� (m) =

 
m + (n � lm)

m

!

[m + (n � km)]! �
X

m0>m

 
m0

m

!

F n
� (m0):

Now we apply a secondform of the binomial inversionformula (??) to obtain

F n
� (m) =

X

m0

(� 1)m� m0

 
m0

m

!  
m0+ (n � lm0)

m0

!

[m0+ (n � km0)]!:

�

Note that application of this theoremdependson our abilit y to decidewhether or not a
given rigid pattern is extendible, and whether or not disjoint � -blocks have disjoint spans.
This is not di�cult to do by inspection.

For example, suppose� = 1254. We �rst try to extend � beginning with the 4. The
� -block starting with 4 is 4587. When we join the two � -blocks by overlapping the 4's,
we obtain 1254587.Sincethe 5 appearstwice in this arrangement, we realize � cannot be
extendedstarting with the 4. Clearly it cannot be extendedbeginning with the 2 or the
5 either, and we easily conclude� is nonextendible. It is similarly easyto determine that
disjoint � -blocks have disjoint spans.

For an exampleof a rigid pattern � with the property that disjoint � -blocks do not have
disjoint spans,consider� = 152. In this case,152and 376,for example,aredisjoint � -blocks.
Their spans,12345and 34567,on the other hand, are not disjoint.

When � is an actual pattern, i.e., a k-permutation, we observe (as we would hope) that
disjoint � -blocks always have disjoint spans.

3 Extendible Blo cks

If � is a nonextendibleblock, then no permutation contains overlapping blocks with type
� , and it easyto count � -blocks in a given permutation. How do we count blocks when �
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is extendible? Do the overlapping blocks 214 and 436 in the permutation 214365count as
two distinct � -blocks, or should we count 21436as one \extended" � -block? Becausewe
want to generalizethe results of the introduction, we choosethe latter method of counting
occurrencesof extendible rigid patterns.

Consider the 8-permutation � = 12678345.With the original de�nition of a block as a
maximal sequenceof consecutive increasingintegers,this permutation contains three blocks,
12, 345, and 678. To include this special casein the more generalcontext in which we now
�nd ourselves,we say � contains three blocks with (extendible) type � = 12. The block 345
contains overlapping � -blocks 34 and 45, and the block 678contains overlapping � -blocks 67
and 78. Thus to include the motivating problem in the current framework, we count each of
the blocks 345and 678as oneextended � -block, rather than two.

When � is an extendiblerigid pattern, wecount a maximal sequenceof overlappingblocks
with type � as one (extended) � -block. What do we do when � -blocks overlap in di�erent
ways? Considerthe extendiblerigid pattern � = 2154. The � -blocks � = 4376and � 0 = 5487
both overlap the block � . The blocks � and � have one integer in common,while � 0 and �
have two integersin common. In fact, any pair of distinct � -blocks have at most two integers
in common. In this case,we say the block 215487,containing both � and � 0, is a proper
� -block, and � hasoverlap length equal to two.

In this section we enumerate n-permutations in which a given extendible rigid pattern
occurs exactly m times. We say an extendible rigid pattern � occurs exactly m times in a
give n-permutation � when � contains exactly m proper blocks of type � . To do this, we
must know the possiblelengths of � -blocks and their spans. When � = 2154,for example,
blocks of type � include2154,215487,215487(11)(10),� � �. In this case,� -blocks have lengths
4, 6, 8, and so on.

Lemma 2 Suppose � = � 1� 2 : : : � k is an extendiblerigid pattern with span length l. Let p
denotethe overlap length of � , and set q = � k� p+1 � � 1. A proper � -block in [n] has length
k + r (k � p) and its span has length l + rq, where 0 � r � bn� l

q c.

Pro of: Let � bea proper � -block in [n] with maximal length. The length of � is k + r (k � p),
where r is the greatestnonnegative integer for which the span of � has length at most n.
The spanof � has length l + rq. Thus l + rq � n, which means0 � r � bn� l

q c. �

When � = 2154,for example,we have l = 5, p = 2, and q = 3. In this case,the lemma
tells us � -blocks have lengths 4 + 2r , where 0 � r � bn� 5

3 c. In particular, when n = 12,
� -blocks in [12] have lengths 4, 6 and 8. Examplesof such � -blocks include 2154,215487,
and 2154(11)(10).

When � is a nonextendiblerigid pattern, each choice of m � -blocks in [n] is associated
with a composition of n with m parts sizel and n � ml parts size1. When � is an extendible
rigid pattern, on the other hand, the compositions associated with the various choicesof
m � -blocks have parts of several sizes. As in the previous section, we consideronly those
� -blocks for which any two disjoint � -blocks have disjoint spans, and we choose disjoint
� -blocks by choosing their disjoint spans.

Lemma ?? tells us that blocks in [12] with type � = 2154have spanswith lengths 5, 8,
and 11. To choosem disjoint spansin [12], we choosem disjoint setsof consecutive integers
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in [12], where each set consistsof either 5, 8, or 11 integers. We associate each choice of
spanswith lengthss1; s2; : : : ; sm with a composition of [n] with parts sizess1; s2; : : : ; sm and
1. There are n �

P
si parts size1. Let Cn

� (m) denotethe set of all such compositions.
For example,let n = 12and � = 2154.Then Cn

� (m) consistsof compositionswith exactly
m parts in the set f 5; 8; 11g, and remaining parts 1. We list compositions in Cn

� (m) below.

m = 0: 1+1+1+1+1+1+1+1+1+1
m = 2: 5+5+1+1, 5+1+5+1, 5+1+1+5, 1+5+1+5, 1+1+5+5

8+1+1+1+1, 1+8+1+1+1, 1+1+8+1+1, 1+1+1+8+1, 1+1+1+1+8
1+11, 11+1

Figure 3. Compositions in C12
2154(m) for m = 0; 2.

We seethat the number of ways to choosem � -blocks in [n] is given by the cardinality
of the set Cn

� (m). To determine this, we choose m (not necessarilydistinct) span sizes
s1; s2; : : : ; sm from the set f l + rq : 0 � r � bn� l

q cg of possiblespan sizes(see Lemma
??). For each choiceof spansizess1; s2; : : : ; sm , we enumerate compositions of n with parts
s1; s2; : : : ; sm , and n �

P
si parts 1. Suppose we have chosens distinct span sizes. Let

t1; t2; : : : ; ts denote the multiplicities of the s distinct span sizes(so
P

t i = m). Then the
number of orderedcompositions with parts s1; s2; : : : ; sm , and n �

P
si parts 1 is given by

n
Q

t i !
=

 
n

t1; t2; : : : ; ts

!

:

Each � in Cn
� (m) is associated with a choice of m disjoint � -blocks in [n]. Let sn (� )

denote the number of integersin [n] not contained by any of these� -blocks. For example,
consider� = 5+ 5+ 1+ 1 in C12

2154(2). The composition � is associated with the 2154-blocks
2154and 76(10)9. In this case,sn (� ) = 4 counts the integers3, 8, 11, and 12 in [12].

We are now ready to count n-permutations with exactly m occurrencesof an extendible
rigid pattern.

Prop osition 2 Suppose � is an extendiblerigid pattern with the propertly that disjoint � -
blockshavedisjoint spans. Let F n

� (m) denotethe number of n-permutations in which� occurs
exactlym times. Then

F n
� (m) =

X

� 2 Cn
� (m)

[m + sn (� )]! �
X

m0>m

 
m0

m

!

F n
� (m0) (5)

Pro of: Above we showed that each choiceof m disjoint � -blocks in [n] is associated with a
composition � in Cn

� (m). For each choiceof � -blocks we list the [m + sn (� )]! arrangements
of the m � -blocks together with the sn (� ) integersnot contained by any � -block. We obtain
a list of X

� 2 Cn
� (m)

[m + sn(� )]!

arrangements in total. This list includesall n-permutations with at least m � -blocks.
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Now F n
� (m) equalsthe number of permutations in the list above minus the number of

arrangements in the list which contain m0 > m � -blocks. There are F n
� (m0) n-permutations

which contain exactly m0 � -blocks, each of which appears
�

m0

m

�
times in the list above. Thus

equation (??) holds. �

For example,when � = 214 and n = 8, F n
� (2) = 24 counts the 4! 8-permutations of the

blocks � 1 = 214, � 2 = 658, � 3 = 3, and � 4 = 7. Thus formula (??) for m = 1 becomes

F n
� (1) =

X

� 2 Cn
� (1)

[1 + s(� )]! � 24:

The set Cn
� (1) contains ordered compostions � 1 = 8, � 2 = 6 + 1 + 1, � 3 = 1 + 6 + 1,

� 4 = 1 + 1 + 6, � 5 = 4 + 1 + 1 + 1 + 1, � 6 = 1 + 4 + 1 + 1 + 1, � 7 = 1 + 1 + 4 + 1 + 1,
� 8 = 1 + 1 + 1 + 4 + 1, and � 9 = 1 + 1 + 1 + 1 + 4. Now s(� 1) = 1, s(� 2) = s(� 3) = 3, and
s(� 5) = s(� 6) = s(� 7) = s(� 8) = s(� 9) = 5. ThusF n

� (1) = ([1+ 1]!+ 2[1+ 4]!+ 5[1+ 5]!)� 24=
3; 626. Finally F n

� (0) = 8! � (3626+ 24) = 40; 320.

4 Conclusions

When we search for rigid patterns, we restrict the 
exibilit y of (ordinary) patterns in two
ways: 1) we require that valuesoccur in consecutive positions,and 2) we insist that valuesin
a � -block � di�er by exactly the di�erence betweencorresponding valuesin the rigid pattern,
i.e., � i � � j = � i � � j . To bound the number of n-permutations in which an actual pattern
occurs exactly m times, we would ideally eliminate theserestrictions. With our approach,
we're stuck with the �rst restriction, but we can at least reducethe second.

For example, considerenumerating n-permutations with exactly m occurrencesof the
pattern 213 in consecutive positions. To do this, we count n-permutations with exactly m
occurrencesof the rigid patterns 213,214,215,: : :, 314,315,: : :, 324,325,and soon. When
the rigid pattern is nonextendible,and satis�es the spancondition, we have the count from
Theorem ??. When the rigid pattern is extendible, we can computeat least a lower bound
using Proposition ??.

5 Op en Problems

The alternating sumsand binomial coe�cien ts in (??) and (??) suggesta search for asymp-
totics.

For m a �xed constant or function of n, can we �nd asymptoticsfor (??) and
(??) as n ! 1 ? What is the probability that a rigid pattern � occurs exactly m
times in an n-permutation?

Recall that when � is an extendible rigid pattern, we count only those permutations in
which every pair of overlapping � -blocks overlap properly.

11



Can we extendthe enumeration to include caseswhen blocks with a given rigid
pattern do not overlapproperly?

Given the connectionwith the theory of patterns, we would like to count overlapping
blocks of extendible type individually.

If we count every block with a given type individually, regardlessof overlapping,
can weenumerate n-permutations which contain exactlym blockswith this type?

Finally, we would like to eliminate from our results the condition that disjoint blocks
with the sametype have disjoint spans.

Can we �nd results for a rigid pattern � with the property that disjoint � -blocks
havenondisjoint spans?

6 Ac kno wledgmen ts

I am grateful to Herb Wilf for stimulating discussionswhich initiated this study of rigid
patterns.

7 Figures

I include all �gures again hereat the end as requestedin the instructions for submission.

m = 1 : 1 2 3 4

m = 2 : 2 3 4 1 4 1 2 3 3 4 1 2

m = 3 : 1 2 4 3 3 1 2 4 4 3 1 2 2 3 1 4

4 2 3 1 1 4 2 3 3 4 2 1 1 3 4 2 2 1 3 4

m = 4 : 1 3 2 4 2 1 4 3 3 1 4 2 4 1 3 2 2 4 1 3

3 2 1 4 4 2 1 3 1 4 3 2 2 4 3 1 3 2 4 1 4 3 2 1

Figure 1. 4-permutations with m blocks.

m = 0: 1+1+1+1+1+1+1+1+1+1
m = 2: 5+5+1+1, 5+1+5+1, 5+1+1+5, 1+5+1+5, 1+1+5+5

8+1+1+1+1, 1+8+1+1+1, 1+1+8+1+1, 1+1+1+8+1, 1+1+1+1+8
1+11, 11+1
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Figure 2. Ordered compositions in C12
2154(m) for m = 0; 2.

3 2 4 1 5 3 2 4 1 5 3 2 4 1 5 3 2 4 1 5 3 2 4 1 5

Figure 3. Five occurrencesof the pattern � = 213 in the permutation � = 32415.

2 1 3 4 5; 2 1 3 5 4; 4 2 1 3 5; 5 2 1 3 4; 4 5 2 1 3 ; 5 4 2 1 3
3 2 4 1 5; 3 2 4 5 1; 1 3 2 4 5; 5 3 2 4 1; 1 5 3 2 4 ; 5 1 3 2 4
4 3 5 1 2; 4 3 5 2 1; 1 4 3 5 2; 2 4 3 5 1; 1 2 4 3 5 ; 2 1 4 3 5

Figure 4. The rigid pattern � = 213occurs exactlyonce in eighteen distinct 5-permutations.
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