Math 104 – 3/28/05

Probability…

These notes are a review of the material we covered in Chapters 13 through 18.
1.  Probabilities are always between 0.00 and 1.00 (inclusive).

2.  Percentages are a way of expressing numbers between 0.00 and 1.00.  For example, “60%” means the same as “0.60”  (and both mean the same as “three fifths”).  For calculations, always convert percentages to numbers.

3.  Something NEVER happens  —>  its probability is 0.00

     Something ALWAYS happens —>  its probability is 1.00

4.  The “One-minus” trick:  The probability of an event NOT happening is equal to 1.00 minus the probability of its happening.

Exercise 4a.  If the probability of rolling two sixes with two dice is  1/36,  then what is the probability of failing to roll two sixes?

Answer:  35/36  (that is, 1 minus 1/36).

Exercise 4b.  What is the probability of rolling two non-sixes?

Non-Answer:  Whatever it is, it isn’t related to the numbers in exercise 4a, because “two non-sixes” is NOT the opposite event to “two sixes.”

5.  One way to determine a probability is, first, to make a list of all the possible things that can happen.  (Sometimes these are called “all the possible outcomes of an experiment.”)  Construct your list so that all the outcomes are equally likely.  (This requires common sense.)  Then:


Probability of an event = 




(Number of ways the event can happen)




divided by




(Total number of things that can happen).

Exercise 5a.  Again, what is the probability of rolling two non-sixes?

Answer:  There are 36 equally-likely outcomes when you roll two dice — which could be written 11, 12, 13, …, 56, 66.  If you write out the list and count the outcomes that have two non-sixes, you’ll see that there are 25 of them.  So, 



Probability of two non-sixes = 25 / 36.

Exercise 5b.  If you spin a roulette wheel once, what is the chance of getting 00?

Answer:  There are 38 slots on the wheel, and only one of them is labeled 00, so the probability is 1/38.

6.  Conditional probability:  By the conditional probability of an event given some condition, we mean the probability you would calculate for the event on the assumption that the condition has already happened.  We write this:



P ( event | condition )


or, if we call the event B and the condition A, we might just write



P ( B | A ).

Exercise 6a.  Draw two cards from the top of a shuffled deck.  What is the conditional probability of drawing an Ace on the second draw, given that you drew an Ace on the first draw?
Answer:  Assume that the condition (ace on the first draw) already happened.  Then, there are 51 cards in the deck, each equally likely to be drawn.  Three of them are aces.  So, the conditional probability is  3/51.

Exercise 6b.  What is the unconditional probability of getting an Ace on the second draw?

Answer:  In this case, you know nothing about the first draw.  So, there are 52 cards that are all equally likely to get drawn second.  Four of them are aces, so the probability is 4/52.

Exercise 6c.  Flip a fair coin ten times.  What is the conditional probability of getting a head on the tenth flip, given that the first nine flips were all tails?

Answer:  50%.  The tenth flip is independent of the first nine flips.  (That’s part of what we mean by a “fair coin.”)  So, no matter what you assume about the first nine flips, the probability of getting a head on the tenth flip is just one half.

7.  Two events are independent if, when one of them happens, it doesn’t change the probability of the other one happening.  If A and B are independent, then P(B|A) is the same as P(B).


This is important in our chance process models (the binomial model and the box model).  In these models, we assume that the successive trials are independent of each other.

8.  The multiplication rule:  The probability of events A and B both happening is



P ( A and B both happen )   =




P ( A happens )




times




P ( B happens | A happens ).


The second factor is a conditional probability.  

Exercise 8a.  What is the probability of drawing two aces from the top of a shuffled deck?

Answer:  This can be described as “A and B both happening” if:



A means drawing an ace as the first card



B means drawing an ace as the second card.


These events aren’t independent.  So the answer is:



P ( A and B both happen) =




P ( A happens )    
(which is 4/52)




times




P ( B | A )

(which is 3/51).


So the answer is   (4/52)  times (3/51)  =  about  0.0045.


(That’s less than half of one percent.)

9.  You can combine several events in the same way.

Exercise 9a.  What is the chance of getting four aces on the first four draws?

Answer:



P ( first ace ) 




(which is 4/52)



times



P ( second ace given that first was ace)
(that’s 3/51)



times



P ( third ace given first two)


(that’s 2/50)



times



P ( fourth ace given first three)

(that’s 1/49)


So the answer is  (4/52) times (3/51) times (2/50) times (1/49)


or about  0.0000055.  That’s pretty rare.

10.  The multiplication rule is easier when the events are independent, because you don’t have to think about conditional probabilities.


Exercise 10a.  Again, what is the chance of rolling two non-sixes?


Answer:  This is the chance of A and B happening, if




A = non-six on first die




B = non-six on second die.



So the answer is




P ( two non-sixes) =





P(A)


(that’s 5/6)





times





P(B|A)

(but that’s just P(B), since B is independent







of A.  So, it’s just 5/6 again.)



= (5/6) times (5/6)  = 25/36.


That’s the same answer we got before.  But using the multiplication rule, we didn’t need to list all 36 outcomes.

Exercise 10b.  Consider a binomial model with  n = 4  trials, and  p = 0.48.  What is the chance of getting exactly 4 hits?
Answer:  In this case, “p” means the probability of getting a hit on any one trial.  The trials are independent.  So, the answer is:



P ( four hits ) =



P ( hit on first trial ) times P (hit on second trial) times P ( hit on third trial)




times P ( hit on fourth trial )



= (0.48) times (0.48) times (0.48) times (0.48)



= about 0.053




or, about five percent.


You would normally need the binomial formula for this kind of problem.  But when “k” (the number of hits you need) is the same as “n” (the number of trials), the multiplication rule is enough.

Exercise 10c.  Consider a binomial model with n=4 trials, and p = 0.48.  What is the chance of getting exactly 0 hits?

Answer:  This is the chance of getting exactly 4 misses.  So, the answer is



P ( four misses )



= P ( miss on first trial ) times P ( miss  on second trial ) etc.


So, what is the probability of a miss on one trial?  By the “one minus” trick, it must be 0.52.  (That is, 1 minus chance of hit).  So the answer to the problem is



(0.52) times (0.52) times (0.52) times (0.52)



= about 0.073




or, about seven percent.

11.  The Collins Case.
Exercise 11a.  TRUE or FALSE:  If you talk about the multiplication rule in a trial, everyone involved will understand the issue perfectly and act intelligently and rationally in every way.
12.  Mutually exclusive events.  Two events are mutually exclusive or non-overlapping if they can’t both happen.

For example:  If we draw one card from a deck, and



A is the event that the first card is an Ace, and



B is the event that the first card is a King, then


A and B can’t both happen.  So, these are mutually exclusive events.


Mutually exclusive is not the same as independent.  In fact, it’s almost the opposite of independent.  See page 243 (middle).

13.  The addition rule.  Suppose that an event can happen in two mutually exclusive ways.  Then you can get the probability of the event by adding the probabilities for the two ways.

Exercise 13a.  Draw one card from a deck.  What is the probability that it’s an Ace or a King?

Answer:  This can happen in two ways:



It’s an ace.



It’s a king.   And, these are mutually exclusive.


So,



P ( Ace or King ) = P ( Ace ) + P ( King )





= (4/52) + (4/52) = 8/52.


(You could also do this by counting the ways to get an ace or king directly.  There are eight ways, so the probability is 8/52.)

14.  The addition rule works for more than two events, too.

Exercise 14a.  Roll one die three times.  What is the chance that the total of the three rolls will be exactly 4?
Answer:  The only way to get 4 is to roll two 1’s and a 2.  But, they can come in any order.  So, 



P (total is 4) =




P ( 1, then 1, then 2 )



         + P ( 1, then 2, then 1 )



         + P ( 2, then 1, then 1 ).


These three events (1-1-2, 1-2-1, 2-1-1) are mutually exclusive—that’s why the addition rule works.


We aren’t done yet.  We need the probabilities of the three ways.  For this we use the multiplication rule, which gives a probability of (1/6)times(1/6)times(1/6) for each of the three ways.  So the answer is



(1/6)times(1/6)times(1/6)



plus



(1/6)times(1/6)times(1/6)



plus



(1/6)times(1/6)times(1/6)


equals



3/216, or about 0.014 (a bit more than one percent).

Exercise 14b.  Roll one die seven times.  What is the chance that you’ll roll at least one “six”?

WRONG ANSWER:  There are seven ways for this to happen:



Get a six on the first roll

(probability 1/6)



Get a six on second roll

(probability 1/6)



Get a six on third roll


(probability 1/6)



etc.



Get a six on seventh roll

(probability 1/6)


So the wrong answer is



1/6 + 1/6 + 1/6 + 1/6 + 1/6 + 1/6 + 1/6 = 7/6 = 116%.

What went wrong?


The ways aren’t mutually exclusive.  It’s possible that two of them could happen—or even that all seven could happen.  So, the addition rule doesn’t work.

So, how can we get this probability?

The only good method is the “one minus” trick.  Figure out the probability that you’ll roll seven non-sixes.  Then, subtract the answer from one.  The correct answer to the original problem is…



P ( at least one six ) = 1 - (5/6)7 = about 72 percent.

15.  Binomial coefficients:  I can’t type the symbol for “n-choose-k”.  Here’s an attempt:



(  n  )



(  k  )


Or, look at page 260 (last line).  Anyway, there are two equivalent formulas for


n-choose-k:



n-choose-k  =   ( n! ) / (  k! (n-k)! )



n-choose-k  =   ( n times (n-1) times … ) / ( k times (k-1) times … )




with exactly k factors on the top and k factors on the bottom.


Exercise 15a.  What is 5-choose-3 ?


Answer:  Using the second formula, it is    

(5 times 4 times 3) / (3 times 2 times 1)



= 10.


Exercise 15b.  What is 30-choose-28 ?


Answer:  In general,  n-choose-k  is the same as  n-choose-(n-k).  In this case, this means



30-choose-28  =  30-choose-2             



=    (30 times 29 ) / (2 times )  =  435.


Exercise 15c.  What is 10000-choose-4700 ?


Answer:  This is way too hard to do by hand.  It’s pretty hard for a calculator, too.  It won’t be on the test.


Exercise 15d.  What is 4-choose-0 ?


Answer:  The formula doesn’t help.  But by definition, the answer is 1.  In general, 



n-choose-0 is always 1 and n-choose-n is always 1.


You can get binomial coefficients from Pascal’s triangle.

16.  The binomial model.  See chapter 15.  A binomial experiment involves two numbers:



n = number of trials   (the trials are identical and independent)



p = probability of a hit on one trial    (each trial is a hit or miss).


The question we usually ask is 


What is the probability of exactly k hits?


The answer depends on k, n, and p.


This question is so common that there’s an Excel formula for the answer:



= BINOMDIST ( k, n, p, FALSE )


By hand, the formula is:



Chance of k hits 




=  ( n-choose-k ) times (pk) times (1-p)n-k.

Exercise 16a.  Consider a binomial model with n=4 trials and p=0.48.  What is the chance of exactly  4  hits?
Answer:



(4-choose-4) times (0.48)4 times (0.52)4-4


= (1) times (0.053) times (1)




(since anything to the 0 power is 1)



= 0.053.



Or, just compute BINOMDIST ( 4, 4, 0.48, FALSE ).

Exercise 16b.  Same model.  What is the chance of exactly 0 hits?

Answer:



(4-choose-0) times (0.48)0 times (0.52)4



= (1) times (1) times (0.073)



= 0.073.



Or, just compute BINOMDIST ( 0, 4, 0.48, FALSE ).

Exercise 16c.  Same model.  What is the chance of exactly 2 hits?

Answer:



(4-choose-2) times (0.48)2 times (0.52)2


= (6) times (0.2304) times (0.2704)



= 0.3738 or about 27 percent.



Or, just compute BINOMDIST ( 2, 4, 0.48, FALSE ).

Exercise 16d.  Same model.  What is the chance of UP TO 2 HITS?

Answer:  Watch out—this isn’t the usual question.  So, it takes much more work.


Method 1:  In Excel, compute BINOMDIST ( 2, 4, 0.48, TRUE ) = 0.7169



(about 72 percent).


Method 2.  If you have to do this by hand, the best method is probably the addition rule.  There are three ways for the event “UP TO 2 HITS” to happen:



Exactly 0 hits — probability 0.0731


Exactly 1 hit  — probability (4-choose-1) times 0.481 times 0.523



= 0.2700



Exactly 2 hits — probability 0.3738


So the answer to the problem is



P ( UP TO 2 HITS ) = 0.0731 + 0.2700 + 0.3738 = 0.7169.

(Problems like this are very tedious if n and k are large.  Computers are good.)

17.  The box model.  See chapters 16-17.  The inputs to a box model are as follows:

n = number of trials   (identical and independent)


Also, a list of “ticket values”.  Think of a box of tickets, with




a number on each ticket.  Each trial means drawing one ticket 




and recording the number on it.


But, you really don’t need the whole list of ticket values.  Really, these are the


only inputs you need:



n = number of trials



(box ave) = average of the ticket values



(box SD) = SD of the ticket values.


The questions we ask are about the TOTAL of the numbers drawn (in n trials)



and the AVERAGE of the numbers drawn (in n trials).

18.  The TOTAL in a box model.


The actual total varies each time, by chance.  (That’s why this is a “chance process”.)


We describe the results in this way:



Actual TOTAL = Expected value of the total + Chance error


and we have these formulas:



Expected value of TOTAL = (number of trials) times (box ave).



SE of TOTAL = (SQUARE ROOT OF number of trials) times (box SD).


“SE” means Standard Error.  Here are three ways to understand what this means:


(a)  The chance error (ignoring sign) is usually less than one SE.


(b)  The chance error (ignoring sign) is rarely more than two SE’s.


(c)  “The TOTAL will be ____, give or take ___ or so.”  The first blank is the



expected value, and the second blank is the SE.


Note that the SE of the total gets larger when n gets larger.

19.  The AVERAGE in a box model:



Actual AVERAGE = Expected value of the average + Chance error



Expected value of AVERAGE = (box ave)



SE of AVERAGE = (box SD) divided by (SQUARE ROOT of n).


Note that the SE of the average gets smaller when n gets larger.


How to understand the SE, again:


“The AVERAGE will be ____, give or take ___ or so.”  The blanks are the



expected value of the average and the SE of the average.

20.  Example:  There’s a good example at the top of page 293.  This represents many repetitions of a box model with


n = 25 (number of trials)



tickets = 0, 2, 3, 4, 6.




(So, box ave = 3.0, box SD = 2.0.)


The entire experiment was repeated 100 times.  That is:  Each time, 25 trials were done and the total of all 25 trials was recorded; and this was done 100 times.  We compute:



Expected value of total = n times box ave = 25 times 3 = 75.00



SE of total = (sqrt of n) times box SD = (sqrt of 25) times 2 








= 5 times 2 = 10.00


So, we expect that the totals will all be 75, give or take 10 or so.


See the results on page 293.  

21.  The normal model and the box model.  If n is large enough (what does that mean?) then the various draws for the total will be normally distributed.  This applies to the example above—the 100 totals obtained are pretty close to a normal distribution.

Exercise 21a.  In the example on page 293, what fraction of the totals should be above 95?

Answer:



The totals are normally distributed with average 75 and SE = 10.



We use the SE just like an SD, and compute the standard score




corresponding to 95:




(95 - 75) / 10  = 2.0



So, we need to know the fraction of observations above Z = 2.0.



From the normal table, it’s




1 - (0.9772) = 0.0228 — that is, a bit more than 2 percent.


So we would have expected about 2 of 100 totals to be above 95.  In fact, only one of them was above 95.  I guess that’s why it’s called a chance process.
(end)

PAGE  
10

